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ABSTRACT

Variations of the supernatant-suspension discontinuity in batch sedimentation tests
are examined using numerical simulation, considering the corresponding momentum
laws for the noncompression zone and for the compression zone separately. A general-
ized treatment, considering some assumptions that are discussed, and introducing
dimensionless variables is carried out. The paper analyses the variations of the deriva-
tive of the supernatant-suspension discontinuity height with respect to time versus
the ratio of the supernatant-suspension discontinuity height to the initial supernatant-
suspension discontinuity height. In cases where it is possible to estimate the location
of the characteristic that rises from the bottom tangently to the sediment surface in a
height-time diagram, the value of the critical solids concentration (boundary between
hindered settling zone and compression zone) can be obtained. Another important
contribution is the mathematical explanation of the exponential decrease of the sedi-
ment height versus time from the critical point (when the sediment curve joins with
the upper discontinuity) to time infinity; this variation has been observed with many
suspensions but has not been justified. This analysis is applied to two suspensions,
considering their experimental data.
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1488 FONT, GARCIA, AND PEREZ

INTRODUCTION

In the batch test of flocculated suspensions with low initial solids concentra-
tion, at least two discontinuities of solids concentration can be considered:
a) the upper discontinuity or the supernatant-suspension discontinuity at the
top of the suspension, and b) the sediment or compression zone interface that
rises from the bottom of the cylinder. From the critical point when there is
only sediment, Roberts observed that the descending upper discontinuity fol-
lows an exponential law (1). The solids frequently settle in the upper part
(hindered settling zone), forming stable aggregates or floes, whereas in the
sediment or compression zone the solids form a network or matrix, with the
displaced fluid flowing upward through the channels as stated by Fitch (2-4)
who presented a very wide theory considering the momentum balance, the
rising of the characteristics—lines of constant solids concentration in the
hindered settling zone—, etc. Tiller (5) presented the first important analysis
of the batch test which considered the two zones. Later Font (6, 7) widened
some considerations by referring to the rise of the characteristics that emerge
tangently from the sediment curve in a height-time diagram, and this fact
was also tested by simulation of the batch test (8).

In Tory plots the data for the subsidence rate of the upper discontinuity in
batch testing are plotted versus the height of suspension (9). A useful analysis
of these plots was presented by Fitch (4). These plots are normally of interest
when working with suspensions whose initial solids concentration is in the
noncompression range. Tory plots are useful for obtaining data on the sedi-
mentation rate in the noncompression range and are very important for deter-
mining the location of the critical points in accordance with the Roberts'
method (1). In flocculated suspensions where the sediment discontinuity can-
not readily be observed or measured, the rise of the sediment can be deduced
by joining the critical points obtained from batch tests with the same initial
solids concentration and different initial heights, as indicated by Fitch (3).
With an estimate of the sediment curve, continuous thickeners can be designed
by using results from batch tests (3, 4, 6, 7, 10). One aim of this paper is to
explain the variations obtained with the Tory plots by simulation of the batch
tests, and the application of these curves to obtain some important parameters
such as the critical concentration (boundary between noncompression and
compression ranges). In some cases, as commented upon in the last part of
this paper, estimation of the settling flux density-solids concentration curve
can be obtained.
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VARIATION IN SEDIMENTATION BATCH TEST

GENERALIZED TREATMENT
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Some basic relationships and dimensionless equations are considered in
this section in order to present a generalized treatment. Figure 1 shows the
evolution of the different zones and interfaces in a batch test. In this paper
the volume fraction of solids is expressed as <{>s in the hindered settling range
of concentration, from zero to the critical volume fraction of solids, and as
es from the critical volume fraction of solids esi to the maximum value esraax.
The volume fraction of solids depends on the distance x to the bottom of the
cylinder and the time t. In order to consider the theory of sedimentation as
presented elsewhere (2-8), the known material and momentum balances that
can be applied to sedimentation batch tests are summarized in Table 1 for
easy review.

• Equations (1) and (2) are the continuity balances.
• In the noncompression range, the sedimentation velocity of solids is deter-

mined by a balance of the gravitational force and the drag force. If the
inertial effects due to acceleration of the particles are negligible, the sedi-
mentation velocity ( — «s) equals the terminal sedimentation velocity
( —Hst) as indicated in Eq. (3) [values of the settling rate MS (= dxldi) are
negative in accordance with the positive semi-axis X considered in Fig.
1 and values of ( — us), therefore, are positive; throughout this paper all
the negative magnitudes are converted to positive, writing them in paren-
theses and with a minus sign].

x=H,,

x=H

supernatant

upper discontinuity

suspension with
solids concentration
in the non-compression

sediment discontinuity L
sediment or compression
zone

Sediment or compression zone

time

FIG. 1 Batch testing and evolution of discontinuities and zones.
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1490 FONT, GARCIA, AND PEREZ

TABLE 1
Material and Momentum Balances

Noncompression zone, Compression zone,
0 < <j>s < esi 6sl < es < €s m M

Continuity equation -=•-* = - ^ — — = 0 -^ =-*•*—— = 0 (2)
J M 3 ; 3x dt Bx v '

(1)
Momentum equation —«, ( = - « s t ) =/(<!>») ^Ps F 3esl , . s a .

(4)

Other relations -u% = K s y s (5) - » s , = H s y s (6)

*o = linu^oC^^s) Ps — / ( es) (8)
(7)

• In the compression range the momentum balance, also neglecting the
inertial effects, can be expressed as indicated in Eq. (4), where A p is the
difference between the density of solids and the density of liquid, g is the
positive value of acceleration due to gravity, and \i is the liquid viscosity
(2, 5) (compressive stress = gravitational force — drag force).

• Equations (5) and (6) refer to the relation between the settling rate in the
noncompression zone and the terminal settling rate in the absence of a
solids pressure gradient and the permeability k in accordance with some
definitions presented elsewhere (2).

• A parameter ko is defined in Eq. (7).
• The relations between the effective pressure ps and the permeability k in

the compression range are indicated by Eqs. (8) and (9), respectively.

Table 2 indicates the assumptions considered in order to present a general-
ized case which is closely followed by many real systems. These assumptions
are based on data obtained with two types of calcium carbonate suspensions
(8, 11), where relations similar to those shown in Table 1 were obtained. No
other systems with all the data indicated in Table 1 have been found in the
literature. Nevertheless, as the variations of many batch tests are close to
those presented in a generalized way in this paper (1,4,9), it can be deduced
that the relations assumed are probably within the range including the data
of many real systems. A generalized treatment was carried out instead of
considering the calcium carbonate data in order to show that the conclusions
obtained can be applied to many suspensions. Nevertheless, logical variations
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VARIATION IN SEDIMENTATION BATCH TEST 1491

of the physical properties must be assumed in order to obtain the simulated
results.

For flocculated suspensions, the parameter AVI (average volume index),
denoted in this paper byy, means the ratio of the total volume of an aggregate
to the volume of solid inside the aggregate. The volume fraction of aggregates
equals jes, and the interaggregate voidage occupied by free liquid equals
1 — j€%. The value esi is the boundary volume fraction of solids between the
noncompression range and the compression range when the aggregates touch
each other, as in a fixed bed, while maintaining their identity. By considering
that the porosity of a fixed bed of spheres (12) equals approximately 0.36,
the total volume fraction of aggregates at the critical solids concentration is
equal to 0.64, as indicated by Eq. (10).

With respect to the noncompression zone, the following statements are
presented.

1. Equation (11) considers the variation of the settling velocity in accor-
dance with the Richardson and Zaki (13) expression. On many occasions
the variations of the settling rate to the power 4.65 vs the solids concentra-
tion are convex curves (12-14); this can be a consequence of a decrease
of the parameter j or a decrease of the mass of solids in an aggregate.
In a previous paper (8) it was deduced that this variation can be explained
by assuming only a decrease of the parameter./' with solids concentration

TABLE 2
Assumptions Considered

Noncompression zone,
0 < <{>s < esl

- " s = -I 'soU - y < k ) 4 6 5

/ = a — b$s'^
For <{>s = 0 — a = j 0

Forc})s = esl->j = ji

(ID

= Jo/2
(12)

(13)

Limit

, = x do

- 1>28
jo

Compression zone,

W = 2es, (15)

- " s t =

6.4672 X 10-3(-uso)

X ({ATN[-10Qoes

- 1.92)]} + 90)

expi-pJpA.)) (17)

(16)

e.i)
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1492 FONT, GARCIA, AND PEREZ

as a consequence of the aggregates being closer at higher solids concen-
tration than at lower solids concentration, and the liquid layer that sur-
rounds the aggregate being thinner at high solids concentration than at
low solids concentration.

2. Equation (12) considers a linear variation of/ vs the volume fraction of
solids. In addition, it is also assumed that the value of/ at infinite dilution
((|)s = 0) is twice the value of/ at the critical solids concentration (esl).
These assumptions have been considered in accordance with the deviation
of some experimental data from the Richardson and Zaki equation (8,
11, 14-16); i.e., the value/ varies from 6 to 2 for calcium carbonate
suspensions or from 1000 to 600 in some metal hydroxides suspensions.
In other metal hydroxide suspensions the values of/ and its variation is
much less (around 70), but the form of the Tory plots is similar to those
cases with great variation of/, indicating that this factor is not very
important. From Eqs. (11) and (12), Relation (13) is obtained.

3. Taking into account that/! equals/0/2, Relation (14) is deduced.

In the compression range, the following assumptions are considered.

1. The maximum concentration is twice the critical concentration (Eq. 15)
assuming a considerable variation of solids concentration in the interval
of effective solids pressure developed in batch tests. This occurs approxi-
mately with calcium carbonate suspensions (8, 11). For small variations
of solids concentration in the sediment, the conclusions stated in this
paper are also valid because the sediment height variation is small, as
can be deduced after a complete reading of this paper. For great variations
of the solids concentration inside the sediment, some conclusions could
be different, as can also be deduced from this paper. Nevertheless, the
variation assumed is rather great.

2. A variation of the terminal settling rate (— «st) vs the volume fraction
of solids es indicated by Eq. (16), in which the following variation is
assumed. At values of /oes between 1.28 and 1.8, the decrease of the
settling flux density is small as a consequence of the formation of chan-
nels that favor the upward circulation of fluid between the matrix of
solids. Between 1.8 and 2.2 there is a considerable decrease of ( — «st)
as a consequence of the stretching of the matrix of solids (another interval
could have been assumed). At /oes is greater than 2.2, values of (— Hst)
are small (small permeability) because the channels are very thin (Fig. 2
shows the variation of the settling flux density after a change of variables
indicated in the following paragraphs; the variation assumed is one of
the possibilities). Note that the terminal settling rate ( — HS1) in the
compression range is the same when there is no compressive stress or
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VARIATION IN SEDIMENTATION BATCH TEST 1493
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FIG. 2 Dimensionless settling flux density vs dimensionless volume ratio of solids.

no gradient of solids pressure and the inertial effects of acceleration or
deceleration are logically negligible. This means that the terminal settling
rate is the maximum settling rate of solids at the corresponding concentra-
tion in the most favorable conditions. Inside the compression zone, the
real settling rate and the real settling flux density are less than the maxi-
mum values of the terminal settling rate and the settling flux density
obtained from the permeability, and that corresponds (after corresponding
changes of variables) to the portion of the curve shown in Fig. 2. The
experimental data of the settling flux density variation vs concentration
that can be obtained from the literature normally corresponds to the non-
compression or hindered settling zone, and for many occasions the loca-
tion of the critical concentration is not clear. By considering the variation
that can be deduced from the permeability data of calcium carbonate
suspensions (11) and other data published in the literature (17-23), the
relation indicated by Eq. (16) has been assumed. The shape of the curve
in Fig. 2 is logical based on some experimental data; nevertheless, it
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1494 FONT, GARCIA, AND PEREZ

must be emphasized that other variations could have been assumed, and
although the simulated results would have been different, the general
tendencies of the variations would probably be similar to those presented
in this paper. (Note that the previous analysis is based on values of y'oes

that can be higher than 1 because the parameter j0 can be much higher
than 1.)

3. In Eq. (17) an exponential variation of es vs the effective pressure ps in
agreement with the relation of Tiller and Khatib (24) is assumed. The
experimental data obtained for the calcium carbonate suspension follows
this relation which considers that the data from the maximum critical
solids concentration is obtained in the low solids pressure range, corre-
sponding only to sedimentation and not to filtration, permeation, or cen-
trifugation (8).

As mentioned previously, although these assumptions are not applicable
to all suspensions, in many batch tests the tendencies of the discontinuity
heights to vary are similar to those presented in this paper.

Table 3 presents the corresponding dimensionless variables needed to pres-
ent a generalized treatment, and Table 4 summarizes the balance equations
and the relationships between the different variables using the dimensionless
variables. Fig. 2 shows the variation of the dimensionless settling flux density
5+ vs the volume ratio of solids 4>s

+ or es
+ for all intervals of solids concentra-

tions. In the compression range the settling flux density refers to the terminal
settling velocity (maximum value possible in the absence of a compressive
stress).

SIMULATED RESULTS

In a previous paper (8) the method used for simulating batch testing was
presented. This method distinguishes the noncompression zone from the
compression zone in accordance with the equations previously presented.

TABLE 3
Definitions of Dimensionless Variables

(19) - K S
+ = j j r ^ ( - « s ) (23)
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VARIATION IN SEDIMENTATION BATCH TEST 1495

TABLE 4
Dimensionless Balance Equations

Noncompression zone, Compression zone,
0 < <J>S

+ < 1.28 Limit 1.28 < es
+ < 2.56

( 2 5 )

(27) (27)

where

B = 6.3095 X

10-3({ATN[-10(es
+ - 1.92)]} +90)

(28)

es
+ = 2.56 - 1.28exp(-ps

+)
(29)

Figure 3 shows the simulated results obtained for a batch test with an initial
solids concentration <j)ŝ  equal to 0.6. The variation of the supernatant-suspen-
sion discontinuity height, the sediment height, and the constant solids concen-
tration lines are drawn versus time. Three zones can be distinguished in the
suspension. Zone a, between the H-axis and the characteristic of <J>S

+ equal
to 0.6 (line of constant solids concentration and constant settling rate) that
arises from the bottom and that corresponds to the initial solids concentration;
in this zone the concentration is constant and equals the initial one. Zone b,
between the characteristic corresponding to the initial solids concentration
and the characteristic that arises tangentially to the sediment from the bottom
that corresponds to 4>s

+ equal to 0.86; all the characteristics in this zone arise
from the bottom. Zone c, between the characteristic that arises tangentially
to the sediment from the bottom and the sediment; in this zone the characteris-
tics arise from the top of the sediment. Inside the sediment or the "compres-
sion zone," the lines of constant concentration are divergent up to the critical
time. The intercept of the upper discontinuity and the sediment surface takes
place at the critical point C. The intercept of the characteristic that arises
tangentially to the sediment from the origin and separates Zone b from Zone
c with the upper discontinuity is denoted point D.

Considering the points shown in Fig. 3, values of — dH+ldt+ at each point
were determined by taking into account the point in question and the previous
and later points presented in the graph. By correlating these three points to
a parabolic equation, differentiating the function, and calculating the value
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1496 FONT, GARCiA, AND PEREZ

— e.'
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—— ca

- ~ /

= 1.28

= 0.6

= 0.7

= 0.8

= 0.86

= 1

= 1.4

= 1.6

= 2

Dimensionless time t
FIG. 3 Variation of zones and lines of constant concentration in a batch test with initial

dimensionless volume fraction of solids (J)^ = 0.6.

at the point considered, values of —dH+/dt+ were obtained. Figure 4 shows
the corresponding values of -dfi+/dt+ vs H+IHQ (Tory plot), indicating the
situations of point C (critical point) and point D (corresponding to the upper
discontinuity height with separation of Zone b and Zone c, which coincides
with the intercept of the upper discontinuity and the characteristic line that
arises tangentially from the sediment at the bottom of the cylinder). Consider-
ing the variation of the subsidence rate -dHVdt+ vs time, a linear variation
on the bottom corresponding to the situation when all the suspension is sedi-
ment can be observed. There is a considerable variation above this linear
variation due to the critical point (discontinuity), a short, nearly linear varia-
tion corresponding to Zone c, a great variation of —dH+/dt+ in Zone b, and
a constant value of -dH+/dt+ in Zone a. Note that the small variation of
— dHVdt+ corresponding to Zone c is a consequence of the characteristics
that arise tangentially from the sediment, and as the slope of the sediment
curve varies slowly with time, the characteristics have a similar settling rate.
This causes the presence of a quasi-linear variation ofdH+/dt+ between points
C and D.

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
1
:
2
2
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



VARIATION IN SEDIMENTATION BATCH TEST 1497

The location of point D in a batch test can be interesting because one way
to estimate the critical concentration (boundary between the noncompression
range and the compression range) is by the following equation:

esi = - T T - 2 (30)

that was deduced previously (8). Consider the dimensionless variables

(31)

Application of the previous equation to the data presented in Fig. 4 gives
a value around 1.28 for es"\, which is the value considered in the simulation
program. Nevertheless, the location of point D is only approximate.

Other, different Tory plots (subsidence rate of the upper discontinuity
height vs height ratio) can be obtained, depending on the situation of the

W
*?

4

03

o
J3

CM

S3
K

"3
V3

s
E

0.05

0.04

0.03

0.02

0.0!

S

0

Jy
zone c J*P

edimenyL
r£- 1

0.43
1

f zone a

/

/
/zone b

•

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

Dimensionless ratio H / Ho

FIG. 4 Variation of the dimensionless subsidence rate of the upper interface —dH*ldt* vs
the height of the upper discontinuity/initial height of the upper discontinuity ratio HIH$ for
the run with dimensionless volume fraction of solids <}>st = 0-6 and dimensionless initial height
of the upper discontinuity H£, = 3.
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1498 FONT, GARCIA, AND PEREZ

initial solids concentration in the S+-<$>s curve (Fig. 2). By considering the
Fitch analysis of discontinuities (3), the remaining cases can be easily de-
duced. From the Tory plot it is also possible to deduce the location of the
initial solids concentration in the S+-$s curve (Fig. 2).

The observation of points C and D depends mainly on the shape of the
settling flux density-solids concentration curve. For batch tests where there
is a great solids discontinuity above and under the sediment (which depends
on the settling flux density-solids concentration curve), observation of points
C and D will be clearer than for the opposite case.

ANALYSIS OF THE VARIATION OF -dH/dt = f{H)
FROM THE CRITICAL POINT. EXPLANATION OF

ROBERTS' EXPERIMENTAL LAW

From Fig. 4 it can be observed that the variation of the settling rate versus
the height of the upper discontinuity is nearly linear and in accordance with
the empirical equation proposed by Roberts (1):

-dH/dt = K(H - H*,) (32)

An explanation of this behavior is presented in this section. The continuity
equation (Eq. 2) can be written as

3/ ax s ox esox

In the following equation, a coordinate space variable is introduced instead
of the distance x. This variable is defined as

= f esdx (34)
•to

• X

W
Jo

and consequently

dw = es<£r (35)

This coordinate space variable was also used by Shirato et al. (25, 26) when
studying the behavior of suspensions in the compression range.

Coordinate space w defines the volume of solids per unit of cross section
between the bottom of the cylinder and distance x.

The first term of Eq. (33) corresponds to the observed variation of es with
time, following the settling of the solids. Taking into account that at any time
the solids above the layer settle with absolute velocity values less than that
corresponding to the layer considered, and the opposite occurs with the solids
under the layer considered, it can be deduced that the first term equals the
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VARIATION IN SEDIMENTATION BATCH TEST 1499

variation of es vs time for a layer that has a constant amount of solids under
it, and consequently the value of w is a constant. This analysis is based on
the concept of substantial derivative presented in the literature. Then

3es\ 3es (des\
J) = IF "s VBxj ( 36 )

From Eqs. (33) and (36):

dtj \ dt I I dw

This equation is similar to that obtained by other authors (25).
The momentum balance can be written as

( 3 7 )

From the previous equation it can be deduced that

(39)

- c2 dw / t

where

Ci = -ge^Ap (40)

and

Introducing Eq. (39) into Eq. (37), the following can be written:

Parameters C! and C2 depend on es and consequently also depend on w
and r. If Cj and C2 are constant or can be considered only a function of w,
Roberts' law can be demonstrated as follows.
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1500 FONT, GARCIA, AND PEREZ

Applying Eq. (39) to an infinite time:

( - M S ) , = » = 0 = C,
1 '3(1/6..)'

(43)

where eiX is the volume fraction of solids of each layer at infinity. As the
solids concentration at infinity depends only on the buoyed weight of solids
above the layer considered, esoo is a function of w.

Subtracting Eq. (43) from Eq. (39):

(44)

Note that es00 depends on w. Introducing Eq. (44) in to the second term of
Eq. (42) and considering that esx does not depend on t:

The solution of Eq. (45) can be expressed as

- - — =
ts fcSoo

(46)

where rc is the critical time, a is a function only of w, and b is a constant.
The boundary condition at infinity is fulfilled in accordance with Eq. (44).

Applying Eq. (44) to the top of the sediment, where es always equals esi
and consequently esoo = es .= esi, and vv equals w0, which is the maximum
value corresponding to the whole suspension (wo = <t>so#o)> it can be deduced
that the velocity of the descending supernatant-sediment discontinuity «o is

dH
(-M0) = —jf- Moe\p(-b(t - fc)) (47)

where Mo is the value corresponding to the preexponential factor for the
maximum value of w(w0 = ct>so//0). Integrating Eq. (47) between (t, H) and
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VARIATION IN SEDIMENTATION BATCH TEST 1501

f H , t
dH = - Mo exp( - b(t - tc))dt = H - Hm (48)

= ~f exp(-£>(* - /c))

From Eqs. (47) and (48):

dH b
— j - = Mo -rr (H - Hx) = b{H - Hx) (49)

at Mo
which coincides with Eq. (32), where K equals b.

Solution When C, and C2 Depend on es,
and Consequently also Depend on wand t

In this case a system of differential equations must be considered to observe
the variation of the upper interface. Using the dimensionless variables defined
in Table 3, and also defining

(50)

Equation (42) can be written as

aa/es
+)\ _ ( " [ — - - W + A+J1 (51)

where

Ct = B (52)

and

°2 ~ 6s B ~dH? - B 2.56 - es
+ (53)

Figures 5 and 6 show the variations of Ci1" and C£ vs w+, respectively, for
different values of t+. These variations are deduced from the simulation pro-
gram. It can be observed that there is movement of the variation curves in
both cases.

For batch tests where the sediment heights after the critical point decrease
to around or less than 20-30% of the height at the critical point, it is possible
that the curves C\ = Ct(w, t) and C2 = C2(w, t) for different times are
close, and mean variations C\ = Ci(iv) and C2 = C2(w) can consequently

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
1
:
2
2
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



1502 FONT, GARCIA, AND PEREZ

<U

+*
Qi

2

0.012

0.01

0.008

O* 0.006

15
o
a<u
£

0.004

0.002 •

Dimensionless w+

FIG. 5 Variation of the dimensionless parameter C\ vs the dimensionless space coordinate
w* for different dimensionless times /+.
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FIG. 6 Variation of the dimensionless parameter C2

+ vs the dimensionless space coordinate
w* for different dimensionless times t*.
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VARIATION IN SEDIMENTATION BATCH TEST 1503

be roughly considered and independent of time, and the decreasing height of
the sediment after the critical point can approximately follow the Roberts
equation. Note also that the greatest variation of — dHldt takes place for the
first period, when the curves C\ — C\(w, t) and C2(w, t) are not very far
apart. This is an explanation of the behavior observed in many suspensions
in accordance with an analysis carried out by Fitch (4) concerning Tory plots,
but there can be other cases where a deviation from the Roberts equation is
clearly observed as a consequence of very great variations of Ci(w) and
C2(w) vs t or the fact that the hydrodynamics of the suspension does not
follow the momentum balance considered as tested in many studies.

APPLICATION TO EXPERIMENTAL DATA

Figures 7 and 8 shows the experimental data corresponding to two suspen-
sions, one of commercial calcium carbonate, whose experimental procedure
has been presented elsewhere (11) and the other one of metal hydroxides,
obtained from the precipitation of solutions with NiSO4-6H2O, ZnSO4-7H2O
and CuSO4-5H2O with Ca(OH)2 (70 wt %) + Mg(OH)2 (30 wt %) at a pH
equal to 11.7. With both suspensions, it was possible to visually estimate the
location of the sediment, because a considerable change of porosity could be
observed. Nevertheless, the variations of the sediment are only used for testing
the location of point D.

Figures 9 and 10 show Tory plots for both suspensions by the procedure
explained with the simulated data previously presented. A similarity can be
observed by comparing Fig. 4 with Fig. 9, with a nearly straight line corre-
sponding to the sediment, a great change in the subsidence rate corresponding
to the critical point, a slight variation corresponding to Zone c that ends in
point D, the variation corresponding to Zone b, and the constant value of the
subsidence rate corresponding to Zone a. Nevertheless, in Fig. 10, there is
hot a small variation in the subsidence rate above the critical point, indicating
that Zone c is probably very small and the critical point C is close to point
D.

Considering the locations of point D with both suspensions, the critical
volume fractions of solids, calculated by Eq. (30), are 0.138 for the calcium
carbonate suspension and 0.00905 for the metal hydroxide suspension. These
practically coincide with those obtained from the intersection of the tangent
to the sediment at the bottom with the supernatant-suspension discontinuity
height.

In accordance with Eq. (10), and referring to the fact that the volume
fraction of aggregates equals 0.64 at the critical solids concentration, the
values of the average volume index (AVI) are 4.71 for the calcium carbonate
suspension and around 70 for the metal hydroxide suspension. If these AVI
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FIG. 7 Batch test of a calcium carbonate suspension (<{>„ = 0.04239; Ho = 0.977 m).
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FIG. 8 Batch test of a metal hydroxide suspension (<(>«> = 0.003806; Ho = 0.88 m).
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FIG. 9 Variation of the subsidence rate of the upper interface vs the height of the upper
discontinuity/initial height of the upper discontinuity ratio HIH0 for the run carried out with

the calcium carbonate suspension (<{>„ = 0.04239; Ho = 0.977 m; HD = 0.300 m).

values or j remain constant, and considering Eq. (11) and the settling rate
( — «si) at the initial solids concentration 4>si, the settling flux density can be
calculated as

\4.65

S = *,(-«»)(! -7(| = <j>s(-«si) \4.65 (54)

Figures 11 and 12 show the estimated variations of the settling flux density
versus the volume fraction of solids for both suspension, comparing these
values with those obtained from direct determination in batch tests and/or
determination considering the tangents to the upper discontinuity and charac-
teristics drawn from the bottom or from the sediment considering the Kynch
theory and its modification to compressible suspensions (6, 7). It can be
observed that for the metal hydroxide suspension the estimated S is very close
to the points determined by another independent method, whereas for the
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FIG. 10 Variation of the subsidence rate of the upper interface vs the height of the upper
discontinuity/initial height of the upper discontinuity ratio HIHQ for the run carried out with

the metal hydroxide suspension (4>so = 0.003806; Ho = 0.88 m; HD = 0.37 m).
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FIG. 11 Settling flux density vs volume fraction of solids: comparison for the calcium carbon-
ate suspension.
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FIG. 12 Settling flux density vs volume fraction of solids: comparison for the metal hydroxide

suspension.

calcium carbonate suspension, although the estimated variation is in the range
of the experimental values, the shape is different. This different behavior can
be explained by considering that the aggregates drag a small outer layer of
fluid which can be very thin at high solids concentration. For aggregates with
a small AVI value, as occurs with calcium carbonate suspensions, a small
decrease of the outer layer of fluid causes a great decrease in the AVI value,
and consequently this value cannot be considered constant. In the opposite
case, when the AVI value is very high, a small decrease in the outer layer
of fluid cannot significantly affect the AVI value as occurs with the metal
hydroxide suspension. In any case, it must be emphasized that this method
of estimating the settling flux density-solids concentration curve must be
considered as an approximate method that must be compared with other alter-
natives.

CONCLUSIONS

The zones that can be distinguished in a batch test are equivalent to portions
of curves found by plotting the derivative of the supernatant-suspension dis-
continuity height with respect to time versus the ratio of the supernatant-
suspension discontinuity height to the initial supernatant-suspension disconti-
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1508 FONT, GARCIA, AND PEREZ

nuity height: constant settling rate, large decrease in the settling rate, slow
decrease—nearly linear—in the settling rate, discontinuity in the settling rate
corresponding to the critical point, and nearly linear variation in the sediment.
It has been shown that by considering the point between the portion of the
curve of a large decrease and a small decrease, which corresponds to the
intercept of the upper discontinuity with the characteristic that arises from
the bottom tangentially to the sediment curve, it is possible to estimate the
critical solids concentration, the boundary value between the noncompression
range and the compression range. In some cases the settling flux density-
solids concentration variation can be estimated from the value of the critical
solids concentration.

A mathematical explanation of the variation corresponding to the sediment
height versus time after the critical point, which follows the exponential law
observed in many suspensions, is presented.

SYMBOLS

ATN arc tg or tg"1

AVI average volume index. Ratio between volume of aggregate or floe
and solids volume (equals,/) (dimensionless)

a function of w given by Eq. (46) (dimensionless)
B parameter in Eq. (28) (dimensionless)
b parameter of Eq. (46) (dimensionless)
C critical point in batch testing (intercept of the upper discontinuity

and the sediment discontinuity)
Cx parameter defined in Eq. (40) (dimensionless)
C2 parameter defined in Eq. (41) (dimensionless)
C* parameter defined in Eq. (52) (dimensionless)
C{ parameter defined in Eq. (53) (dimensionless)
D intercept point of the characteristic that arises from the bottom tan-

gentially to the sediment and the upper discontinuity
g gravity acceleration (m/s2)
H height of the supernatant-suspension discontinuity (upper discontinu-

ity) (m)
Ho initial height of suspension at t = 0 (m)
Ha, height of the suspension (sediment) at time-infinity (m)
HD height of point D (height of the intersection between the characteristic

line arising from the bottom tangentially to the sediment curve and
the upper discontinuity)

//+ dimensionless height of the supernatant-suspension discontinuity
(upper discontinuity) that equals joH/((ko)i/2N) in accordance with
Eq. (22)
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VARIATION IN SEDIMENTATION BATCH TEST 1509

Ho dimensionless initial height of suspension.
HZ, dimensionless height of the suspension (sediment) at time = infinity
HD dimensionless height of point D
j AVI = average volume index. Ratio between volume of aggregate

or floe and solids volume (dimensionless)
ji value of j at the critical volume fraction of solids esl (dimensionless)
j0 value of j at the initial solids concentration (dimensionless)
K parameter defined in Eq. (32) (s"1)
k permeability (m2)
ko parameter defined by Eq. (7) (m2)
L\ dimensionless sediment height
Mo preexponential factor in Eq. (47)
N dimensionless parameter defined by Eq. (18)
p A parameter in Eq. (17)
ps effective pressure (N/m2)
ps

+ dimensionless effective pressure
S settling flux density [(m3 solids/total m3) X (m/s)]
S+ dimensionless flux density [ = <j>s( — «s

+) o r es+ (— "s+)]
t time (s)
rc critical time (s)
t+ dimensionless time
p-o velocity of the upper discontinuity (m/s)
HS settling velocity of solids (m/s)
wSi initial settling velocity of solids (m/s)
M S O settling velocity of solids at infinite dilution (m/s)
Kst terminal settling rate (m/s)
Hst dimensionless terminal settling rate
HS

+ dimensionless settling rate
iv volume of solids from the bottom per unit of cross section (m)
\v+ dimensionless volume of solids from the bottom per unit cross section
x distance down column (m)
x + dimensionless distance down column

Greek Letters

es volume fraction of solids in sediment
es

+ dimensionless volume ratio of solids that equals j o e s

efi interaggregate porosity at volume fraction of solids esi
esi value of es at cake surface (limit value between noncompression and

compression zone)
maximum value of es in accordance with Eq. (17)
value of volume fraction of solids that any layer reaches at time
infinity (depending on w)
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1510 FONT, GARCfA, AND PEREZ

Ap difference between the solids density and the fluid density (kg/m3)
\L viscosity of fluid [kg/(ms)]
<j>s volume fraction of solids in suspension
4>s0 initial volume fraction of solids in suspension
c}>s

+ dimensionless ratio fraction of solids in suspension (equals jo$s)
^st initial dimensionless ratio fraction of solids in suspension (equals
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